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Overview of this book
(Solutions of Algebraic Equations and Galois Group)

It is interesting to know how Galois group concerns solutions of algebraic
equations. Galois, mathematician of France, who died tenderly by a duel in
1832, contrived and created Galois group consisting of the substitution of
roots of an algebraic equation and developed the theory of "conditions under
which algebraic equations can be solved using only rational functions and
their roots", based on theories about solutions of algebraic equations that
Lagrange, Euler, Gauss, Abel and others built and developed

Following the time series where Galois is thought to have pursed, this book
describes Galois theory in the paper published in 1846 after Galois's death,
using referring and quoting proofs of contents of papers by senior authors and
others, and adding expressing results in a research by the author, himself.

The term of a "rational formula" which Galois said has wider meaning than
a "rational formula" which we say today generally.

Galois says that it is, also, a formula after an operation by the substitution
of roots of an equation (It is a "formula like the rationality" correctly.), in
addition to a "rational formula of all roots of an equation" that we say at
present.

By Lagrange Expression of the whole root of an algebraic equation, the whole
root of an algebraic equation of n-th degree is converted to that of an
algebraic equation of (n—1)-th degree, consisting of a linear summation of
the 1st degree formulae of all roots of the algebraic equation (In this book, it
is called to be not the unknown quantity transform but unknown quantity
conversion.).

If the equation with unknown quantities after this unknown quantity
conversion can be solved, then the first equation will be able to be
solved, in the case where the combination formula between the first
equation and that after an unknown quantity conversion will be decided.

This book describes the procedure in detail. The author also shows, in detail,
the process in which the roots of an algebraic equation are formed, while
showing the correspondence between the decrease of an original number of
Galois group and the extension of the body whose rational forms of the roots
are fixed.

Finally, this book describes the summary of this work.
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Lagrange type Solutions for Algebraic Equations
of the 2nd to 4th Degree and Galois Group

1. WS

RETFERDFHEIT 0 7 REDSAUZ B 2 NP THISES 2 2 & THRR Y, e TR,
75 ADOEE 0T (Evariste Galois, 1811-1832) 73, 1846 4E|Z7 7 AGECTAHI SN
Fsl MREOFREAD R FAR THRT 252y @ O TR 5, BT ORIZ
BET 2 EHEED Z & Th D,

2. BB FEHNT

2. 1 £4
—IAERIND A 1L, "bOOEF V" THY, TbiE, A, BEEZMNbLT, [FJE
DHDOTHDNEPEIDT, HL/RbOBEIEL TOTHRVBARZVDOTHH), HET
E S D HEA 1T, 200, B BIRES N DB~ My, 17581, 1751, B LRt~
DHLOD, TNENDEEY 25T, HoT, HATBITD A 1L, 2RV RENTHY,
REDZATH DN, 1720 FHEEEO L OOEE Y Tho, Tk, By TiE, THEE] 1T “d
FxED BN EFR) bODEFY” LEXRTLZENDD,

MEG] ML TV OHEE (B) oxhZhge, TORED bt LE95, £EDEE
[FFETFORILT T, FERDTLIHTO/NLTFTERTOPEETH S,

H£h A OOV ONERY I LTESE B LT58E, 6 B 25 4 OFHE
BLE .

EEDOTOEEPARTH D L&, TOESITHARES LI, STOEENERTH S &
&, TOEBITERES LTHINDGED DD, FHESITOWTHERTH 2,

> T
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2. 2 B B/ K
B 213, (41 OFERO 2 TITEASY, 1 OERD 3 TTHAEENERSh, Zhb
DEADORER G EOERITET S EEOKRTHIHESRD, TOEEDOTLTHD) LH7
H£L%FEL, TOEARY, TOEBIH LT B 27, £, B THE L5,

HARZIE, DUTFIORTHRREIC R D, @

1) ZeCiavER G BT DIEED 25T a, b IZXL, a, b O (product) &MHEILD
G DL ¢ W—EIZEEY, ZOJt ¢ & c=ab LEILE, ZOWIE (a, b)—>ab % G
2RI 5FE (multiplication) &5 9,

2) G DEEEIIFEERE (multiplicative group) THD &1L, RD 2 544 -

i) REN G OEED3IC a, b, ¢ IZKL,
fEEEH (associative law) a(be) = (ab)e DT 5
i) G OEED25C a, b IZXL,
ax=b BE, ya=b L7205 G OILN—EBIHETD ;
e o G 259, Lokt i) 1%
iii) B7JC (unit element, neutral elemennt) OIFE(E, T 72bH, G DI
I e DIHELT, G DIEEDTT a WX LT ae=ea=a DRNTD
iv) W7C (inverse element) DIF(E, J72bH, G DIt a XL, ax=xa=e 73
5 x (Ihae o' &EZ, a OWLEED) B G OIEDOPIIFHET S ;
EE D2 i), v) ERAETHD, ZDLE, c=ab O ¢'=bla! Thb,

il

FIEICBIT AREOHAITIY, W, e £/ 1 TRI, ab=ba THHLX, a & b I3
i (commutative) THDHEF I,

G DEED2T a, b IZXL, FTEOHYER] (commutative law) ab=ba HRLT 5
T EIERTIE L7V, ab=ba MSESLT HEHL, FIHAEE (commutative group) 7
IZ 77—l (Niels Henrik Abel, 1802~1829, /v ——D¥#E) BEE =9,

GE1) BEL S OMERIT, 77— 5 IRGFEAD—RAREAAE DA A ITET D T2 DITESR
LIzbDEEDN TN D, 7 —VUTFHFOLZME L TV L EZ BND,

(3) Caldrrip 520, AIEN, 1968, p.181 #ZModZ &,
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AIHAREOITLORE, LIZUIE, a+b OETEIND, 2O & XTI, ®E (a, b)—>a+b 1T
% (addition) &FVY, a+b % a & b LOR (sum) EFFY, G ANWNEREE - INEE

(additive group, module) &= 9,

IEREOHAtA S 0 TKRL, a OWinh: —a &E(Abel £, MR, Feik, IHELSL
DFLEDBHNLND Z bbb, T b Z—RIZEE (law of composition) F7-I3EHE &5 9,

WEONE, kL ITRRDRFIED & &L, INEEITREORL S WD 56036 0, I
EORGFERNWD L X ZIIMEEE BV, FBEORRSEHND & SITFREHLE S OHEE1H D,
Mo C, FERE, IMERE S S 01E, AL, #E LORIECIZFOETHLZ bbb D,

MBR1 &%, ROSFEMH::
i) MER) ODEED 25T a, b I[ZHEADIE a+b DNEHRESIN, EBD 2T a, b EEED
33T a, b, ¢ IZRUTIMEICEALFT#EE (ChEZBITEEESS) THY,

i) a+b=b+a (zzHafl))
i) (a+b)+c=a+(b+c) (REAHID
DESEL, i) a+x=>b 1%, ME1DOD (x D) fith HEAI OPITHETS ;
i) HEG] DIEED2IC a, b IZxL, EAEDIE ab BEFESN, EBD3TT a, b, ¢ I
LU CRIEICEIL,
iv) (ab)c=a(bc) (R H),
v) a(b+c¢)=ab+ac, (a+b)c=ab+ac Gy mizl)

AT % HEIZB LA TS (MERRZ R - Kb 20 Th2) HEal 259,

Mk Lix, 22 EDOTEETES A4 IZBWT, 2@0EE (EE) Ukl XUSEE)
BDEBEN, RO3IODOAE 1), 2), 3) PR THLE, £5 4 % Uk 55, T/
b,

JEZBEL,
1) S 4 DIEED25E a, b I[ZEADTT a+b PEHRSH, FIUEED 3T a, b, ¢ I,
i) a+tb=b+a (RIH6AH)
ii) (a+b)+c=a+(b+c) ey l))
RS L,

i) a+x=b ZEIED x MES 4 WIC—BIHEETD (bbb, 4 4
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DIHEZONTT =~ ZAED, COMBEORALE 0 TERL, 5 4 OFox
(zero element, neutral element) = 9) ;
FIAIZEL,
2) A A4 DEED2IC a, b 12 A OIT ab DEHFESN, FIUEED3IC a, b, ¢ 17,
iv) ab=ba (AT
v) (ab)c =a(bc) (HEHD,
NS AVA S

Vi) ax=b (a#0) ZET 5 x DES 4 WNIHEL, 65T, 5 4 15 0
FRWES B 1L, REIOWTT — VLR ESD (DL &, 4 B 13ES 4
OREREL S0, G B OHfItE | TRL, £6 4 OERES)) ;

I L AT L,
3) #£6 A4 D3IC a, b, c ORI, MELEFENEFR SN,
vil) a(b+c)=ab+ac (53BcHl)
WAL % HEICEALBA LTS I&EE] 259,
SV 5 &, TR X TR ThD” 525, Eo MK T, IMEO i) 12k
BAEDS, Fio, FEO Vi) X VBRENERIN TRHDOTH S,

2. 3 - EKEoMy
(1) BZE0Rsy
i) B8 G ODEED 3T a, b, ¢ 1ZxL,

FEAER (associative law)  a(be) = (ab)e
e T 5 & E, ZORGERAEETOFHLS O,
i) 6 G OEEO3IT a, b, ¢ ITKIL,
FEEIERN (associative law) a+(b+c) =(a+b)+c
i % L&, ZOEGEIMECETO¥HELE O,
i) 4 G DEED 3T a, b, ¢ ITHFL,
1) #EEiEHl (associative law) a(be) = (ab)e % iiifeT 5,
1) HAOT (unit element, neutral elemennt) DOIFEE, I72bH, G OPIZHEHRIZRTT
e PMHELT, G DIEEDIE a ITKLT age=ea=a LT D,
L&, ZORGEREBETLE/ A FLED,
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iv) 46 G OEED 3T a, b, ¢ ITHL,
A1) #EGIEAI (associative law) a+(b+c) =(a+b)+c e 5,
e WHEIELTC, G DEEDIT a \CHLT ate=e+a=a MPOITD,
L&, ZOHEBEIMACETIE /AL FEE D,
v) #£5 G DIEED 3T a, b, ¢ ITHL,
1) #EAIER] (associative law) a(be) = (ab)e Ziife9 5,
) H\75T (unit element, neutral elemennt) DOIF(E, 9720H, G OHFIIFHIZRIC
e WMFELT, G DIEEDOIT a ([ LT ae=ea=a MWHIT 5,
2N) W6 (inverse element) DF(E, T 72, G DIt a ITHL, ax=xa=e (=)
25 x (IhE o' LEEX, a OWLEE D) BMEET D,
L&, ZORABEFECETAREE O,
vi) £4 G OIEED 3T a, b, ¢ ITXIL,
1) #EEVEH (associative law) a+(b+c¢) =(a+b)+c ZiMiE7 5,
e MFEELT, G DIEEDT a IHLT ave=eta=a KT D,
/N) 35T (inverse element) OAFE(E, 37205, G DT a XL, a+x=x+a=e (=0)
5 x (I —a EE, a OWILEE D) PMEHET D,
LE, ZOEEEINEET 23 EE D,

vii) HRECTHLER G DIEED 25T a, b \THL, KA ab=ba DESITHHADD
DZEFEZBT DR L SV, ZHRIDNT L7eW b D& FEIZ BT HFErTH R &
=R

vil) ERECHHES G DIEED 250 a, b IZxFL, M a+b=b+a LT H5E
Db DOAEIMEETT D FHEREL SV, AHHIDAL LR S D ZINEIZBIT 2 FEn
B9,

ix) €/ RCHHES G DIEED 2T a, b 1L, A ab=ba DHNTTD5E
DHDEFIEEET HWHE ) A FEFW, AN LW O & FEEICEE T HFEF]
BE/ A FLED,

x) YETHHES G DIEED 25 a, b 1L, A a+b=b+a DPHELTHHEAD



